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Abstract.
We study the chiral self-gravitating model (CSGM) of a special type in the
spherically symmetric static spacetime in Einstein frame. Such CSGM is derived,
by virtue of Weyl conformal transformation, from a gravity model in the Jordan frame
corresponding to a modified f(R) gravity with a kinetic scalar curvature.
We investigate the model using harmonic coordinates and consider a special case
of the scaling transformation from the Jordan frame. We find classes of solutions
corresponding to a zero potential and we investigate horizons, centers and the
asymptotic behavior of the obtained solutions. Other classes of solutions (for the
potential not equal to zero) are found using a special relation (ansatz) between the
metric components. Investigations of horizons, centers and asymptotic behavior of
obtained solutions for this new case are performed as well. Comparative analysis with
the solutions obtained earlier in literature is made.
Keywords: black holes, wormholes, modified gravity theories, chiral self-gravitating
model
Black holes and wormholes in f(R) gravity with a kinetic curvature scalar 2
1. Introduction
An important area of research in astrophysics and cosmology is currently the study
of the geometry of black holes since their existence is confirmed by the detection of
gravitational waves from binary black hole systems reported by LIGO and VIRGO
collaborations [1, 2] and the detection of the shadow of a supermassive black hole
reported by Event Horizon Telescope Collaboration [3]. Both the detection of
gravitational waves and the confirmation of the existence of a shadow of a black hole
seem to be in agreement with the predictions of GR. However, this does not exclude an
alternative consideration of phenomenon from a modified theory of gravity.
To date, acceleration in the expansion of the universe has been reliably proven by
various observations such as measurements from supernovae [4], [5], cosmic microwave
background (CMB) radiation [6], [7], [8], large scale structure [9], baryon acoustic
oscillation [10] and weak lensing [11]. An important direction to justify the observed
acceleration of the Universe is the idea of attracting and developing such (modified)
theories of gravity, which lead to a geometric justification of acceleration on a very large
scale. For the latest reviews of modified gravity theories, see, for example,[12], [13], [14]
and the fundamental work [15].
The study of space-time static singular solutions on the basis of Einstein gravity
and modified gravity theories is relevant in the context of investigating the astrophysical
objects [16, 17, 18, 19, 20, 21, 22].
The black holes and wormholes solutions and different types of a scalar fields are
considered in a lot of works on the basis of GR and its modifications (see, for example,
in [23, 24, 25, 26]).
Corrections of higher order curvature to the Einstein-Hilbert action arise when
quantum effects are considered in the low-energy limit of string theories, superstrings,
and supergravity needed to build quantum theory gravity [27]. The example of
quantum corrections application was demonstrated by A. Starobinsky [28] in cosmology.
It was shown that such corrections may control an accelerated expansion of the
Universe at its early stage of evolution (inflation). This kind of models has been
developed towards considering 6th-order corrections in theories of gravity of the kind
R + αR2 + γR⊓⊔R, where α and γ are some constants, and the additional terms that
modify the Einstein theory were, with the aid of conformal transformations of the metric,
put into correspondence to certain effective scalar fields [29]–[33], which led to a two-
field treatment of such models. Also, in [34] the correction R⊓⊔R was treated as a small
perturbation, and its influence on the parameters of cosmological perturbations was
studied.
Renormalization of the energy-momentum tensors of quantum fields in the
framework of the semiclassical approach to gravity [35] also leads to the inclusion of
higher derivatives in modified gravity theories.
In articles [36, 37, 38] it was shown the way how to reduce theory of gravity
which contain in the action the Ricci scalar and its first and second derivatives to
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GR minimally coupled to few scalar fields. For special choices of functional dependence
f(R, (∇R)2,R) it is possible to reduce the theory to a chiral cosmological model [39].
One such example and its application in cosmology is demonstrated in [40].
In the work [40] the study of the model, using the technique described in [36, 39],
was continued. There were carried out a similar transition to a scalar-tensor theory by
introducing Lagrangian multipliers and the arising auxiliary fields. Using a conformal
transformation from the Jordan frame to the Einstein one there obtained that the model
can be represented as a two-component nonlinear sigma model with an interaction
potential, or as a chiral cosmological model (CCM).
In our present work we deal with gravitation in a spherically symmetric spacetime,
not in cosmology. Therefore, the model with the action
SCSGM =
∫ √−gd4x( R
2κ
− 1
2
hAB(ϕ)ϕ
A
,µϕ
B
,νg
µν −W (ϕ)
)
,
(in any spacetime) are nothing but a self-gravitating non-linear sigma model with the
potential of interaction. For the sake of brevity we will refer to this type models as Chiral
Self-Gravitating Model (CSGM). It is clear that CCM is a subset of CSGM narrowed to
cosmological spaces. Thus, in present article we study the system of gravitational and
chiral fields equations of CSGM in a spherically symmetric spacetime.
The article is organised as follow. In section 2 we present the action of CSGM
and general equations of the multiplet of kinetically and potentially interacting scalar
fields in Einstein gravity. Section 3 is devoted to the brief description of the conformal
transformations from Jordan to Einstein frame for the gravity models with higher
derivatives. The action of the resulting model in GR with two scalar fields with the
potential and kinetic interaction is displayed.
In following Section 4 the gravitational and chiral fields equations for the two
component CSGM in a spherically symmetric static spacetime are presented in a general
form and in harmonic coordinates. Subsection 4.2 contains a simplification of the
model’s equations by virtue of the scaling transformation in transition from Jordan
frame to Einstein one.
The section 5 is devoted to exact solutions for quasi-GR model with zero potential.
Two classes of one-parametric solutions are found.
In section 6 we study horizons, centers and asymptotic behavior of obtained
solutions, including Hawking temperature and Kretschmann scalar for the case k = 0.
Section 7 contains analysis of solutions with k 6= 0, including asymptotical behavior
of the solution and comparison with solutions in Brans-Dicke gravity. Special case
corresponding to Schwarzschild solution is studied as well.
Section 8 is devoted to finding, analysis and investigation of asymptotic properties
of solutions with ansatz on metric components. In section 9 we study a special case
of ansatz, corresponding to generalisation of Schwarzschild solution. In Conclusion we
summarise the obtained results and discuss new possible application of f(R) gravity
with higher derivatives in astrophysical experiment connected with gravitational waves.
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2. Chiral Self-Gravitating Model
The action of CSGM as the one of the self-gravitating nonlinear sigma model with the
potential of (self)interactions W (ϕ) [42], [43] reads:
SCSGM =
∫ √−gd4x( R
2κ
− 1
2
hAB(ϕ)ϕ
A
,µϕ
B
,νg
µν −W (ϕ)
)
, (1)
where R is the scalar curvature of the Riemannian manifold with the metric gµν(x),
κ = 8πG is Einstein’s gravitational constant and G – Newton gravitational constant,
ϕ = (ϕ1, . . . , ϕN) being a multiplet of the chiral fields (we use a notation ϕA,µ = ∂µϕ
A =
∂ϕA
∂xµ
), hAB being the metric of the target space (the chiral space) with the line element
ds2σ = hAB(ϕ)dϕ
AdϕB, A, B, . . . = 1, N. (2)
The energy-momentum tensor for the model (1) reads
Tµν = hABϕ
A
,µϕ
B
,ν − gµν
(
1
2
ϕA,αϕ
B
,βg
αβhAB +W (ϕ)
)
. (3)
The Einstein equation can be represented in the form
Rµν = κ{hABϕA,µϕB,ν + gµνW (ϕ)}, (4)
which simplify the derivation of gravitational dynamic equations.
Varying the action (1) with respect to ϕC , one can derive the dynamic equations
of the chiral fields
1√−g∂µ(
√−ghABgµνϕA,ν)−
1
2
∂hBC
∂ϕA
ϕC,µϕ
B
,νg
µν −W,A = 0, (5)
where W,A =
∂W
∂ϕA
. Considering the action (1) in the framework of cosmological spaces,
we arrive to a chiral cosmological model [42], [43], [44], [45], [46], [47].
3. The f(R) gravity model with a kinetic scalar curvature in Einstein frame
In the work [36] the authors consider the most general form of f(R) gravity with higher
derivatives of first and second order with respect to Ricci scalar. Such a theory of gravity
is described by the action
Sgen =
∫
d4x
√−g f (R, (∇R)2,R) , (6)
where (∇R)2 = gµν∇µR∇νR.
The truncated model with the action
SfRR′ =
∫
d4x
√−g f (R, (∇R)2) , (7)
where
f(R, (∇R)2) = f1(R) +X(R)∇µR∇µR. (8)
have been studied for cosmological applications in [37], [38], [40]. In (8) and hereafter
f1(R) and X(R) are C
1 functions of scalar curvature.
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The model (7)–(8) can be transformed to Einstein scalar fields gravity [36],[40] with
the action
SEfRR′ =
∫
d4x
√−gE
(RE
2
− 1
2
gµνE χ,µχ,ν +
1
4
f1(φ)e
−2
√
2/3χ − 1
4
φe−
√
2/3χ +
1
2
Xe−
√
2/3χgµνE φ,µφ,ν
)
. (9)
where subscript ”E” denotes the Einstein’s frame. In (9) a new scalar field have been
introduced by the relation λ = exp(
√
2/3χ), to obtain a canonical form for the scalar
field χ in the action with λ-field. Non-minimal coupling to gravity via scalar field λ
connected with conformal transformation gEµν = Ω
2gJµν as Ω
2 = 2λ. The second scalar
field φ takes the nonlinearity of f1(R) and in some sense can be in correspondence with
dependence f1(φ) [36],[40]. Details of the derivation of the action (9) can be found also
in [41].
The action SEfRR′ (9) can be presented in the form of a chiral cosmological model
[44] with two chiral fields ϕ1 = χ, ϕ2 = φ, and 2D metric of the target space
ds2 = dχ2 − e−
√
2/3χX(φ)dφ2. (10)
Also it needs to include in the model the interaction potential
W =
1
4
e−
√
2/3χ
(
φ− e−
√
2/3χf1(φ)
)
. (11)
Because in our present work we deal with gravitation in spherically symmetric
spacetime, not in cosmology, the model (9) and similar ones are nothing but self-
gravitating non linear sigma model with the potential of interaction. For the sake
of brevity we will refer to this type models as Chiral Self-Gravitating Model (CSGM).
It is clear that CCM is the case of CSGM when the model is considered in cosmological
spacetimes.
4. Model equations for spherically symmetric static spacetime
The standard representation of the spherically symmetric spacetime without gauge
specification is [18]
ds2 = −e2ν(u)dt2 + e2λ(u)du2 + e2β(u) (dθ2 + sin2 θdϕ2) . (12)
Einstein equations (4) can be derived based on components of Ricci tensor and they are
exp [−2λ + 2ν] (ν ′′ + (ν ′)2 + ν ′(2β ′ − λ′)) = −κe2νW, (13)
−2β ′′ − ν ′′ + λ′(ν ′ + 2β ′)− (ν ′)2 − 2(β ′)2
= κ
(
h11(χ
′)2 + h22(φ′)2 + e2λW
)
, (14)
1 + exp [−2λ + 2β] (−β ′′ − 2(β ′)2 + β ′(−ν ′ + λ′)) = κe2βW. (15)
The equation on R33 gives the same one as equation (15).
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Equations for chiral fields are
h11χ
′′ + h11(ν
′ − λ′ + 2β ′)χ′ − 1
2
∂h22
∂χ
(φ′)2 = e2ν
∂W
∂χ
, (16)
(h22φ
′)′ + h22(λ′ − ν ′ + 2β ′)φ′ = e2λ∂W
∂φ
. (17)
Substituting corresponding chiral metric components h11, h22 and the potential W
one can obtain
h11χ
′′ + h11(ν
′ − λ′ + 2β ′)χ′ − 1√
6
e−
√
2
3
χX(φ)(φ′)2
+e2λ
1√
6
[
1
2
e−
√
2
3
χφ+ e−2
√
2
3
χf1(φ)
]
= 0, (18)
X(φ)φ′′ + (ν ′ − λ′ + 2β ′)X(φ)φ′ −
√
2
3
X(φ)χ′φ′ +
1
2
dX(φ)
dφ
(φ′)2
+
1
4
e2λ
(
1− e−
√
2
3
χf1,φ
)
= 0, (19)
where prime denotes to the derivative of variable u.
4.1. Equations in harmonic coordinates
Let us choose the harmonic coordinates where we have the connection between metric
function of the form
λ = 2β + ν. (20)
Einstein equations (4) can be derived based on components of Ricci tensor and they
are
e−4βν ′′ = −κe2νW, (21)
−2β ′′ − ν ′′ + 2(β ′)2 + 4β ′ν ′ = (22)
= κ
(
h11(χ
′)2 + h22(φ′)2 + e4β+2νW
)
, (23)
1− β ′′ exp [−2β − 2ν] = κe2βW. (24)
Chiral fields equations after substitution of metric components and the potential
yield
h11χ
′′ − 1√
6
e−
√
2
3
χX(φ)(φ′)2
−e4β+2ν
[
− 1
2
√
6
e−
√
2
3
χφ+
1√
6
e−2
√
2
3
χf1(φ)
]
= 0, (25)
−
√
2
3
X(φ)φ′χ′+
1
2
X,φ(φ
′)2+X(φ)φ′′+
1
4
e4β+2ν
(
1− e−
√
2
3
χf1,φ
)
= 0.(26)
where X,φ =
dX(φ)
dφ
.
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From equations (21) and (24) one can obtain the relation which make restriction
on the metric components
β ′′ − ν ′′ = e2β+2ν . (27)
Now, we consider a some classes of exact solutions of equations (21)–(27) based on
a special choice of model parameters.
4.2. Special case of scaling transformation
Following by special suggestion in cosmology [39, 40] let us study the case when the
scalar field χ is equal to special constant χ = −
√
3
2
ln 2. This value of χ corresponds to
identical conformal transformation with Ω2 = 1.
The gravitational and chiral field equations will take the following form
e−(4β+2ν)ν ′′ = −κ (φ/2− f1(φ)) , (28)
−2β ′′−ν ′′+2(β ′)2+4β ′ν ′ = κ (−2X(φ)(φ′)2 + e4β+2ν(φ/2− f1(φ))) ,(29)
1− β ′′e−2β−2ν = κe2β(φ/2− f1(φ)), (30)
−2X(φ)(φ′)2 − e4β+2ν(−φ + 4f1(φ)) = 0. (31)
2X(φ)φ′′ +X,φ(φ′)2 + e4β+2ν(1/2− f1,φ) = 0. (32)
The equation (31) may be considered as additional one, for the model with one
field φ this equation will not appear (no variation on χ).
5. Quasi-GR solutions. Case f1(φ) = φ/2
As one can see from (11), for χ = −
√
3
2
ln 2 and f1(φ) = φ/2 one has the case of zero
potential W = 0.
Such suggestion brings the model close to GR, if we additionally set X(φ) = 0. For
the case f1(φ) = φ/2 we have the system of equations
ν ′′ = 0, ν = A1u+ A2, A1, A2 − const., (33)
−2β ′′ + 2(β ′)2 + 4β ′A1 = κ
(−2X(φ)(φ′)2) , (34)
1− β ′′e−2β−2A1u−2A2 = 0, (35)
2X(φ)φ′′ +
dX(φ)
dφ
(φ′)2 = 0, (36)
Firstly, we rewrite the equation (36) as follows
2X(u)φ′′ +X ′φ′ = 0. (37)
The solution is
X(u)(φ′)2 = X(φ)(φ′)2 = C, (38)
where C is the constant of integration.
Thus, one can substitute the solution (38) into equation (34) to find the function
β(u).
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5.1. Two classes of exact solutions
One can write following exact solutions of equations (34)–(35) in terms of the constant
k ≡ A21 − κC:
• The first solution for k 6= 0 is
β1(u) = −A1u−A2 − ln
[
c
2
e±
√
k(u−u∗) − 1
2kc
e∓
√
k(u−u∗)
]
, (39)
where c 6= 0 and u∗ are some constants.
For a scalar field φ 6= const one has the transition to GR solutions by the choice
k = A21 (C = 0) in expression (39), i.e. for the case X = 0 in (38) and (8).
• The second solution for k = 0 is
β2(u) = −A1u−A2 − ln |u− u∗|. (40)
For this solution, the transition to GR one is defined by the condition A1 = 0.
Thus, in this case, one can write the components of the metric (12) as
e2ν = e2(A1u+A2), (41)
e2β = Θ(u)e−2ν, (42)
e2λ = e2(2β+ν) = Θ2(u)e−2ν , (43)
where function Θ(u) is defined as follows
Θ(u) =
{
Θ1(u) ≡
[
c
2
e±
√
k(u−u∗) − 1
2kc
e∓
√
k(u−u∗)
]−2
, for first solution,
Θ2(u) ≡ (u− u∗)−2, for second solution.
We will analyse the solutions for real functions ν(u), λ(u) and β(u) in metric (12)
and, respectively, one has the condition Θ1(u) > 0.
Now, we consider particular solutions for Θ1(u) under this conditions. For the case
k > 0 and c = ± 1√
k
one has
Θ
(A)
1 (u) = k
(
sinh
[√
k(u− u∗)
])−2
. (44)
For the case k < 0 and c = ± 1√−k one has
Θ
(B)
1 (u) = |k|
(
cos
[√
|k|(u− u∗)
])−2
. (45)
Therefore, one can generate the exact solutions for chosen dependencies X = X(u)
and φ = φ(u) taking into account the condition (38) and reconstruct the function X(φ)
from this parametric representation.
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6. Horizons, centers and asymptotic behavior for the solution with k = 0
Let us study the case C =
A2
1
κ
or Θ2(u) in more details. The solution for this case is
described by the following formulae
β = − ln |u− u∗| − A1u−A2, (46)
ν = A1u+ A2, (47)
λ = 2β + ν. (48)
Metric components are
e2ν = e2(A1u+A2), (49)
e2λ =
e−2(A1u+A2)
(u− u∗)4 , (50)
e2β =
e−2(A1u+A2)
(u− u∗)2 . (51)
Before analysing possible horizons, centers and asymptotic behavior let us
remember criteria for selection of black holes solution.
6.1. Hawking temperature and Kretschmann scalar in harmonic coordinates
In the work [49] it was proved that an infinite Hawking temperature indicates that an
assumed horizon exhibits a singularity.
The Hawking temperature of a surface u = u∗ is defined as [51]
TH =
κ
2π
, κ = lim
u→u∗
(
e−2β|ν ′|) , (52)
where the Boltzmann constant kB and the Planck constant ~ are set equal to 1. Also it
was suggested that both functions ν(u) and eν−λν ′ are monotonic in some neighbourhood
of u∗.
The Kretschmann scalar in harmonic coordinates can be represented as
K = 4K 21 + 8K
2
2 + 8K
2
3 + 4K
2
4 , (53)
where
K1 = R
01
01 = −e−2(2β+ν) (ν ′′ − 2β ′ν ′) , (54)
K2 = R
02
02 = R
03
03 = e
−2(2β+ν)β ′ν ′, (55)
K3 = R
12
12 = R
13
13 = e
−2(2β+ν) (ν ′′ − β ′ν ′ − (ν ′)2) , (56)
K4 = R
23
23 = −e−2β + e−2(2β+ν)(β ′)2. (57)
Thus, to calculate the Kretschmann scalar it needs to insert the functions and
derivatives of the solutions represented in subsection 5.1 into (53)-(57).
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6.2. Criteria for black hole and wormhole selection
In the work by Bronnikov [52] it was suggested the criteria for searching horizons for
BH and wormhole in the case of multidimensional generalized scalar-tensor gravity. The
criteria when metric describes BH, i.e. when the metric possesses an event horizons was
formulated and named as A1-A4. Later, in the work [49] similar criteria were applied for
4D spherically symmetric static spacetime in Einstein gravity. We will follow by criteria
for black holes selection in accordance with Bronnikov et al classification [49]. Namely,
black hole solutions with the metric (12) are conventionally selected by the following
criteria: at some surface u = u∗ (horizon)
• C1. eν → 0 (the timelike Killing vector becomes null);
• C2. eβ is finite (finite horizon area)‡;
• C3. The integral t∗ = ∫ eλ−νdu → ∞ as u → u∗ (invisibility of the horizon for an
observer at rest);
• C4. The Hawking temperature TH is finite;
• C5. The Kretschmann scalar K is finite at u = u∗.
We will apply this classification to the obtained solutions of the article.
The criterium for searching of wormholes in [52] can be reduced for 4D spherically
symmetric static spacetime in Einstein gravity by the following manner. The solution
of the metric (12) describes a (static, traversable) wormhole if at u = u∗ and at some
other value of the radial coordinate u = u∞
• B1. eν remains finite;
• B2. eβ →∞;
• B3. There is an infinite path along the radius, i.e., the integral ∫ eλdu diverges;
• B4. A correct flat-space circumference-radius ratio for coordinate circles is
asymptotically valid, i.e., e−β−νβ ′ → 1.
Further we will use the criterium of BH and wormhole solutions for the analysis of
the solutions previously obtained.
6.3. Properties of the solution with k ≡ A21 − κC = 0
We displayed the solution in beginning of this section in formulae (46)-(51). Now we
study some special cases of this solution.
6.3.1. A1 > 0
‡ In fact, a cold black hole has an infinite area [50].
Black holes and wormholes in f(R) gravity with a kinetic curvature scalar 11
Horizon There is a possible horizon when e2ν → 0, what is possible if u→ −∞.
For this asymptote we have
• u→ −∞:
e2ν → 0, (58)
e2λ →∞, (59)
e2β →∞. (60)
Direct checking of the Kretschmann scalar gives K → 0. The Hawking temperature
TH → 0.
Thus for this asymptote the criteria C1, C3, C4, C5 are true, but C2 is not true.
As one can see we obtained cold black hole solution or, by terminology of [49], type B
black hole.
Center A center occurs when r ≡ eβ = 0. To get such result we must request
• u→∞
Under this condition we have e2β → 0. For A1 > 0, the center occurs when u → ∞.
This is in the range u∗ < u corresponding, with respect to the previous determined
black hole solution, to the change
√
k → −√k, that is, a naked singularity, as expected.
Asymptotical flatness Let us check asymptotical flatness of the solution. For this target
we must consider remote distances when r ≡ eβ → ∞. This relation we can obtain on
the other asymptote,
• u→ u∗.
For further investigation, we use the variable x defined from the relation u = x+u∗.
Then (tending x to 0) the solution can be approximatively described by the metric,
ds2 =
dt2
C2
− C2dx
2
x4
− C
2
x2
dΩ2, (61)
where C = e−2A1u∗−A2 is a constant. The time coordinate can be redefined in order to
absorb this constant. Defining the new coordinate,
y =
C
x
, (62)
the metric takes the form,
ds2 = dt¯2 − dy2 − y2dΩ2. (63)
That is we get a Minkowski spacetime. Hence the solution is asymptotically flat.
6.3.2. A1 < 0 The configuration is similar to the previous case. The horizon is situated
at u→∞ and the spatial (Minkowski) infinity at u = u∗. In more detail:
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Horizon There is a possible horizon when e2ν → 0, what is possible if u→∞.
For this asymptote we have
• u→∞:
e2ν → 0, (64)
e2λ →∞, (65)
e2β →∞. (66)
Direct checking of the Kretschmann scalar gives K → 0. The Hawking temperature
TH → 0.
Thus for this asymptote the criteria C1, C3, C4, C5 are true, but C2 is not true.
It is clear that we obtained cold black hole solution or, by terminology of [49], type B
black hole.
Center The center occurs when r ≡ eβ = 0. To get such result we must request
• u→ −∞
Under this condition we have e2β → 0. Let us note that u→ −∞ is, for A1 < 0, in
the domain −∞ < u < u∗ which describes a naked singularity.
Asymptotical flatness Let us study asymptotical flatness of the solution. For this we
must consider remote distances when r ≡ eβ →∞. This relation we can obtain on the
other asymptote,
• u→ u∗
We may perform a similar analysis as for the case A1 > 0 using the new variable x
defined from the relation u = x+ u∗. We get once again a Minkowski spacetime. Hence
the solution is asymptotically flat at u = u∗.
6.3.3. Searching for wormhole solution It is clear that one can choose two value of
generalised radial coordinate u as two necessary surfaces: u = u−∞ = −∞ and u = u∗.
Then the criteria B1, B2, B3 are true, but B4 is not true. Thus, there is no wormhole
solution for this case.
7. Analysis of solutions with k 6= 0 and Θ1(u) > 0
In the case when C 6= A21
κ
we will consider the solutions for Θ1(u) > 0. Let us analyse the
cases with special relations between constants and with initially chosen the following
condition for an arbitrary constant u∗ = 0, that does not change the generality of
analysis.
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7.1. Solution Θ
(A)
1 (u) for k > 0
The solution is described by
e2ν = e2(A1u+A2), (67)
e2β = Θ(u)e−2ν , (68)
e2λ = Θ(u)2e−2ν , (69)
Θ(u) =
k
sinh2
(√
ku
) . (70)
We will study only the case A1 > 0 since the A1 < 0 is just the reversal
configuration, with the same properties.
• A1 > 0.
In this case, the possible horizon is located at u → −∞. For the coefficient of the
angular part, e2β, we have,
e2β → e2(
√
k−A1)u. (71)
Hence we have three possibilities:
(i) A1 −
√
k > 0, and the area of the horizon is infinite, indicating a cold black hole;
(ii) A1 −
√
k = 0, and the area of the horizon is finite, indicating a Schwarzschild-type
horizon;
(iii) A1 −
√
k < 0, and the area of the horizon goes to zero, indicating a singularity, a
center.
For the radial metric function, e2λ, we have,
(i) A1 − 2
√
k > 0, and the function diverges, as it happens with the Schwarzschild
black hole;
(ii) A1 − 2
√
k = 0, and the function is finite;
(iii) A1− 2
√
k < 0, and the radial metric function goes to zero, indicating a singularity,
a degenerate metric.
We may characterise the other asymptotic by the zero of the sinh function. It
happens for u = 0. In this case, we have a minkowskian asymptotical space-time. In
brief, it seems we have necessary cold black holes (infinite horizon surface) only for
A1 > 2
√
k.
7.2. Solution Θ
(B)
1 (u) for k < 0
The solution is described by
e2ν = e2(A1u+A2), (72)
e2β = Θ(u)e−2ν , (73)
e2λ = Θ(u)2e−2ν , (74)
Θ(u) =
|k|
cos2(
√|k|u) . (75)
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Once again we will study only the case A1 > 0 since the A1 < 0 is just the reversal
configuration, with the same properties.
• A1 > 0.
The coordinate u is defined in the range −pi
2
≤ √|k|u ≤ pi
2
. Making the
approximation in the two asymptotical regions,√
|k|u = ±π
2
∓ y, y ∼ 0, (76)
we end up with the same minkowskian metric,
ds2 = dt¯2 − dr2 − r2dΩ2, (77)
where,
t¯ = e2ν±t, (78)
r = e−2ν±y, (79)
with e2ν± = e
± A1√
|k|
pi+A2
.
Hence this case corresponds to a wormhole with two minkowskian asymptotic.
7.3. Comparison with solution in Brans-Dicke gravity
The metric for a large class of solutions found previously has the form,
ds2 = e−2budt2 − e
2bu
s2(k, u)
{ du2
s2(k, u)
+ dΩ2
}
, (80)
where
s(k, u) =


sinh
√
ku√
k
, k > 0,
u, k = 0,
sin
√−ku√−k , k < 0.
In Ref. [48], similar solutions were found in the context of the Brans-Dicke theory.
However, there is a conformal factor due to the non-minimal coupling and the metric in
the Brans-Dicke case takes the form,
ds2 = φ−1
{
e−2budt2 − e
2bu
s2(k, u)
[ du2
s2(k, u)
+ dΩ2
]}
, (81)
with
φ = eCu/
√
|ω+3/2|, (82)
where C is a constant which plays the roˆle of a scalar charge associated with the scalar
field. These solutions contain black holes and wormholes, except for the case k < 0
where only wormhole solutions are possible.
In opposition to our case represented by metric (80), in the Brans-Dicke case there
is a restriction in the parameters given by,
2ksignk = 2b2 + ǫC2, (83)
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where C is the charge associated with the scalar field, and ǫ = ±1 indicates if the scalar
field is phantom (sign minus) or normal (sign plus). The notion of phantom field for
our case is less obvious than in the Brans-Dicke case.
In Ref. [48] the conditions to extend the metric beyond the horizon have been
established. This is a crucial condition to have black hole solutions. We can follow
essentially the same steps for the metric (80).
Let us consider the metric,
ds2 = e−2budt2 − e
2bu
sinh4(
√
ku)
k2du2 − e
2bu
sinh2(
√
ku)
kdΩ2. (84)
We write,
e−2
√
ku = 1− 2
√
k
r
= P. (85)
With this definition, the metric becomes,
ds2 = P adt2 − P−adu2 − P 1−ar2dΩ2, (86)
with
a =
b
2
√
k
. (87)
The metric is extensible if
a = l + 1, l ∈ N+. (88)
We can compare directly with the results for the Brans-Dicke case. In Ref. [48] the
metric, after similar transformations, is written as,
ds2 = P−ξ
(
P adt2 − P−adu2 − P 1−ar2dΩ2). (89)
The constraint in the parameters read now,
(3 + 2ω)ξ = 1− a. (90)
The solution can be extended beyond the horizon if,
a =
l + 1
l − n, (91)
ξ =
l − n− 1
l − n , (92)
such that l − 2 ≥ n ≥ 0. Hence, ξ = 0 implies a = 1, that is, l = 0, n = −1.
Our case is characterised by the absence of conformal factor and also by the absence
of the constraint (90). This means ξ = 0 implying l = n + 1. The result (88) comes
out directly after redefining l + 1 → l and express the situations for which the notion
of black hole can be recovered including the analyticity of the metric in crossing the
horizon. For the metric (86) with (88), the Schwarzschild solution implies l = 0. The
metric (80) represents a black with a causal structure similar to the Schwarzschild black
hole for a odd (l even) and similar to the extremal Reissner-Nordstro¨m black hole for a
even (l odd).
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8. Ansatz β = mν
Choosing the relation between the exponents of metric functions
β = mν, m = const., m 6= 1, m 6= −1, (93)
we can solve the equation (27) which takes the following form
ν ′′ =
1
m− 1e
2ν(m+1). (94)
With the ansatz (93) and choosing the f1(φ) as
f1(φ) = φ/2 +K2f2(φ), K2 = const. (95)
the gravitational and field equations take the following form
e−2(2m+1)νν ′′ = κK2f2(φ), (96)
−(2m+1)ν ′′+2m(m+2)(ν ′)2 = κ (−2X(φ)(φ′)2 − e2(2m+1)νK2f2(φ)) ,(97)
1−mν ′′e−2(m+1)ν = −κe2mνK2f2(φ), (98)
2X(φ)φ′′ +X ′φ(φ
′)2 − e2(2m+1)νK2f2,φ = 0. (99)
Taking into account (94) equation (96) leads to
f2(φ) =
1
κK2(m− 1)e
−2mν . (100)
Substitution (100) into (98) gives the identity. Also we can find the dependence
f2 = f2(φ(u)) = f2(u) from (100) using the solutions of equation (94).
We can obtain the general form for the combination X(φ)(φ′)2 if we insert ν ′′ from
(94) and using the first integral of (94)
ν ′2 =
1
m2 − 1e
2(m+1)ν + C1, (101)
into equation (97).[
2m
m2 − 1
]
e2(m+1)ν + 2m(m+ 2)C1 = −2κX(φ)(φ′)2. (102)
Let us note that we can not obtain the constant combination X(φ)(φ′)2 = const.
Thus the case considered in previous section is not compatible with ansatz approach.
8.1. Hawking temperature and Kretschmann scalar in harmonic coordinates with ansatz
The Hawking temperature of a surface u = u∗ is defined as
TH =
κ
2π
, κ = lim
u→u∗
(
e−2mν |(m2 − 1)−1e2(m+1)ν + C1|1/2
)
,
where the Boltzmann constant kB and the Planck constant ~ equal to 1. Also it was
suggested that both functions ν(u) and eν−λν ′ are monotonic in some neighbourhood of
u∗.
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Taking into account ansatz solutions (94), (101) the Kretschmann scalar can be
calculated with
K = 4K 21 + 8K
2
2 + 8K
2
3 + 4K
2
4 , (103)
where
K1 = −C1e−2ν(2m+1) + (m+ 1)−1e−2mν , (104)
K2 = m(m
2 − 1)−1e−2mν + C1e−2(2m+1)ν , (105)
K3 = m(m+ 1)C1e
−2(2m+1)ν , (106)
K4 = (1−m2)−1e−2mν −m2C1e−2(2m+1)ν . (107)
8.2. The solution C1 = 0
We may consider two branches of solution in this case. Namely
ν1(u) = − 1
m+ 1
ln
(
−
√
m+ 1
m− 1(u− u∗)
)
, u < u∗, (108)
ν2(u) = − 1
m+ 1
ln
(√
m+ 1
m− 1(u− u∗)
)
, u > u∗, (109)
where u∗ is an integration constant. Let us note that for this solution we have
K ≡ m+ 1
m− 1 > 0, m ∈ (−∞,−1)&(1,∞). (110)
From (28) we obtain
f2(φ) =
1
κK2(m− 1)e
−2mν . (111)
Substituting the solution (108) and (109) in (111) one can find
f2(φ) = (κK2(m− 1))−1
[(
m+ 1
m− 1
)
(u− u∗)2
] m
m+1
. (112)
Substituting the solution (108) and (109) in (102) one can find
X(φ)(φ′)2 =
m
κ(m+ 1)2(u− u∗)2 . (113)
Such relation gives for us possibility to find canonical or phantom scalar field when
kinetic function X(φ) = const = ±1. In our case, when right hand side is always
positive, we have only one choice X = 1 and φ is a phantom field. The solution for φ is
φ = ±
√
m
κ
1
m+ 1
ln |u− u∗|+ φ∗. (114)
Inversed the solution (114) and substituting the result in (112) one can find
f2(φ) = (κK2(m− 1))−1
(
m+ 1
m− 1
) m
m+1
e±2m(φ−φ∗)
√
κ
m . (115)
From the presentation (95) it is clear that the function f2(φ) gives, in some sense,
the deviation from GR. Thus we can see from (115) functional addition, keeping in mind
the exchange φ→ R.
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8.2.1. Asymptotes for C1 = 0 Let us note that from ansatz (93) we can find
e2β =
[
e2ν
]m
, e2λ =
[
e2ν
]2m+1
. (116)
The solution for the case C1 = 0 is described by
e2ν =
[(
m+ 1
m− 1
)
(u− u∗)2
]− 1
m+1
, e2β =
[
e2ν
]m
, e2λ =
[
e2ν
]2m+1
.(117)
Let us consider candidates for horizons. First, consider asymptotes when u−u∗ → 0.
Then, if −∞ < m < −1 we have
e2ν → 0, e2β →∞, e2λ →∞, m ∈ (−∞,−1). (118)
For all others values of m (m > 1, according to (110)) we get e2ν →∞ and we have
no candidates for horizons.
Let us consider this asymptote in accordance with Bronnikov et al [49] classification.
Let us represent main formulae for analysis. According to the criterium C3 we
must investigate the integral
t∗ =
∫
e2βdu =
∫ (
K(u− u∗)2
)− m
m+1 du = −
(
m+ 1
m− 1
) 1
m+1
(u− u∗) 1−mm+1 + const.
Thus, one can see, that for the solution (117)-(118), t∗ → ∞ always when
u→ u∗, m ∈ (−∞,−1).
The coefficient κ for Hawking temperature of a surface u = u∗ for the solutions
(117) is
κ = lim
u→u∗
[
(K)
m
m+1 (u− u∗)
m−1
m+1
1
|m+ 1|
]
.
The Kretschmann scalar can be calculated with (103)-(107). For the solution (117)
we have
K1 = K
2m+1
m+1
(1−m)
(m+ 1)2
(u− u∗) 2mm+1 , (119)
K2 = K
2m+1
m+1
m
(m+ 1)2
(u− u∗) 2mm+1 , (120)
K3 = 0, (121)
K4 = K
m
m+1
(
m2 −m+ 1
1−m
)
(u− u∗) 2mm+1 . (122)
The result for the case (116)-(117) is like follows: the criteria C1, C3, C4, C5 are
true, but C2 is not true. Remark that at u→ ±∞ there is a curvature singularity.
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8.3. The solution C1 = µ
2 > 0
The solution
u− u∗ = ∓ 1
(m+ 1)|µ| ln

2µ2 + 2|µ|
√
z2
m2−1 + µ
2
z

 , z = e(m+1)ν , (123)
must be inverted in order to find the solution for ν(u). From (123) one can obtain
ν = µu− 1
m+ 1
ln
(
K +
1
µ2
e2µ(m+1)u
)
. (124)
It is clear that for positive K ≡ m+1
m−1 the logarithm’s argument will always be
positive. The case when K < 0, that is −1 < m < 1, and K ∈ (−∞, 0) implies a
limited range for u. Therefore we will consider only the case when K > 0.
Further, from (102) we find
2κX(φ)(φ′)2 =
[
2m
m2 − 1
]
µ2E1(u)(
µ2
m2−1 + E1(u)
)2 − 2µ2m(m+ 2), (125)
where
E1(u) = e
2µ(m+1)u.
Thus we can state that for each given φ(u) 6= const. there are exist X(φ), obtained
from (125) and which gives the exact solution with
f2(φ(u)) =
1
κK2(m− 1)e
−2mµu
(
1
m2 − 1 +
1
µ2
E1(u)
) 2m
m+1
. (126)
Inverting the dependence φ on u as u(φ) the dependence f2 on φ will be restored.
The kinetic function X(φ) can be defined by algorithm described in Sec. 8.3
We may find the solution of (125) for canonical or phantom field if we set X = ∓1.
But in general case to evalute integral is rather difficult task. Therefore let us consider
the special case when m = −2 and the last term in (125) vanish.
The phantom scalar field is
φ(u) = ∓
√
7
6κ
tanh−1

 1√
µ2
3
e2µu + 1

 . (127)
8.3.1. Asymptotes for C1 = µ
2 > 0 The solution for the case C1 = µ
2 > 0 is described
by
e2ν = e2µu
[
K +
1
µ2
e2µ(m+1)u
]− 2
m+1
, e2β =
[
e2ν
]m
, (128)
e2λ =
[
e2ν
]2m+1
, K =
m+ 1
m− 1 . (129)
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Let us rewrite the metric component e2ν
e2ν =
[
Ke−µ(m+1)u +
1
µ2
eµ(m+1)u
]− 2
m+1
, (130)
For this solutions horizons are not possible.
8.4. The solution C1 = −α2 < 0
The solution
u− u∗ = ∓ 1
α(m+ 1)
arctan

 1√
z2
m2−1 + α
2

 , z = e(m+1)ν , (131)
must be inverted in order to find the solution for ν(u). From (131) one can obtain
ν(u) =
1
m+ 1
ln
[
Kα2
(
1 + tan2(α(m+ 1)u)
)]
. (132)
We can obtainf2(φ(u)) from (100)
f2(φ(u)) =
[
α2(m− 1) (1 + tan2(α(m+ 1)u))]− 2mm+1 (κK2(m− 1))−1 .(133)
From (102) one can find
κX(φ)(φ′)2 = α4m(m2 − 1) [1 + tan2(α(m+ 1)u)]2 + α2m(m+ 2). (134)
Inverting the dependence φ on u as u(φ) the dependence f2 on φ will be restored.
The kinetic function X(φ) can be defined by algorithm described in Sec. 8.3
Once again, we consider the case when m = −2. The solution for phantom field
with X = 1 is
φ(u) = ±α2
√
21
2κ
[
(u− u∗) + 1
α
tan(αu)
]
+ φ∗. (135)
Thus, we can obtain the following relation for f2(φ):
f2(φ) =
α2
κK2
(
1 +
2κ
21α2
(φ− φ∗)
)−4
. (136)
8.4.1. Asymptotes for C1 = −α2 < 0. The solution for the case C1 = −α2 < 0 is
described by
e2ν =
[
Kα2
(
1 + tan2(α(m+ 1)u)
)] 2
m+1 , e2β =
[
e2ν
]m
, e2λ =
[
e2ν
]2m+1
.(137)
Horizons are possible when u→ ± pi
2α(m+1)
.
If u→ ± pi
2α(m+1)
we have the following asymptotes:
• if −∞ < m < −1 we have
e2ν → 0, e2β →∞, e2λ →∞, K = m+ 1
m− 1 > 0.
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The Hawking temperature can be obtained with the following limits for parameter
κ:
κ = lim
u→u∗
[
|2α| (Kα2)− 2mm+1 [cos(α(m+ 1)u)] 4mm+1 | tan(α(m+ 1)u)|] . (138)
The criteria C1, C3, C4, C5 are true, but C2 is not true. Thus we have cold black
hole.
8.4.2. Searching for wormhole solution It is clear that one can choose two value of
generalised radial coordinate u as two necessary surfaces: u = u1 = − pi2α(m+1) and
u = u2 =
pi
2α(m+1)
. Then the criteria B1, B2, B3 are true, but B4 is not true.
Asymptotically we have e−β−νβ ′ → 0. The circumference-radius ratio tends to zero.
This is impossible, so we have no wormhole solution.
9. Exceptional solution β = −ν
In previous section we excluded the case m = −1. Let us study this special case.
Equations (96)-(99) are reduced to the following ones
e2νν ′′ = κK2f2(φ), (139)
2ν ′′ − 2(ν ′)2 = κ (−2X(φ)(φ′)2 − e−2νK2f2(φ)) , (140)
1 + ν ′′ = −κe−2νK2f2(φ), (141)
2X(φ)φ′′ +X ′φ(φ
′)2 − e−2νK2f2,φ = 0. (142)
Substituting κK2f2(φ) from (139) into rhs of (141) one can find the solution
ν ′′ = −1
2
, ν ′ = −u
2
+ c1, ν = −u
2
4
+ c1u+ c2. (143)
Substituting solution (143) into (140) we find
X(φ)(φ′)2 =
1
2κ
[
3
2
+ 2u˜2
]
, u˜ = c1 − u
2
. (144)
Choosing X = 1 we can find the solution for phantom scalar field
φ(u) = ∓ 1
4
√
κ
[
2u˜√
3
√
1 +
4
3
u˜2 + sinh−1
(
2u˜√
3
)]
+ φ∗, (145)
where sinh−1(x) means arcsinh(x).
From equation (142) for the case X = 1 one can obtain the relation
(φ′)2 = − ν
κ
+ c3. (146)
Using (144), (143) and (146) one can obtain the restriction on the constants
κc3 − c2 = 3
4
c21. (147)
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Thus we have the solution for phantom field in the exceptional case m = −1 (143),
(145) with (147).
It is clear that possible horizon at u→ ±∞ and
e2ν → 0, e2β →∞, e2λ →∞.
This solution gives cold black hole.
Searching for wormhole solution It is clear that one can choose two value of generalised
radial coordinate u as two necessary surfaces: u = u−∞ = −∞ and u = u∞ = ∞.
Then the criteria B1, B2, B3 are true, but B4 is not true. Asymptotically we have
e−β−νβ ′ → ±∞. The circumference-radius ratio tends to infinity. As one of the
possibilities we can imagine r → 0, that is a string space. So we have no wormhole
solution.
Conclusions
The main idea to simplify investigation of black holes and wormholes in kinetic scalar
curvature extended f(R) gravity is connected with the presentation of mentioned model
in the form of CSGM in the framework of Einstein gravity. The CSGM in the case
with f(R) = f1(R) +X(R)∇µR∇µR has the fixed form of the potential and the chiral
metric components. Because we suggested to exploit rather new theory we remind
detail of CSGM, namely the form of the action, energy-momentum tensor, gravitational
and chiral fields equation. Also we presented the main features of transformation of
f(R, (∇R)2) gravity to Einstein gravity with additional scalar fields which described by
CSGM. Further we investigate the model in spherically symmetric static spacetime in
harmonic coordinates.
To simplify models equations we consider special scaling transformation when non-
minimally coupled to gravity model converted to Einstein frame by virtue of Weyl
unit conformal function. After that, we study quasi-GR solutions of the model when
f1(φ) = φ/2 and consequently the potential W (φ) = 0. In this case we obtained two
classes of three and five parametric solutions. Investigation of a geometry of obtained
solutions gives various types of them. Namely, cold black holes, wormholes solutions
with two minkovskian asymptotic, solution with Schwarzschild-type horizon, solutions
with singular center and a naked singularity. The quasi-GR solutions we compare to
the similar solutions obtained earlier in Brans-Dicke gravity.
New solutions for the metric components and explanation of kinetic function X(φ)
derivation we were able to find under introduction of the special relation between metric
components (ansatz) β = mν, m = const. Such relation allows us to reduce the system
of gravitational and field equations to one non-linear equation of the first order on metric
exponent ν(u) and to derive the equation for definition of kinetic function and squared
derivative of the scalar field combination X(φ)(φ′)2.
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It was found three classes of solutions in accordance with an integration constant
C1 value. A geometry of all classes of solutions were investigated. Once again we found
various types of solution, including cold black holes. For each class of solutions we define
canonical (phantom) field by virtue of setting X(φ) = 1.
Thus, within the framework of the proposed approach, we have the ability to
describe astrophysical objects based on modified gravity theories under consideration,
which were considered earlier in a cosmological context [38, 39, 40].
An important task in the further study of the application of f(R) gravity with a
kinetic scalar of curvature to the description of astrophysical objects is the calculation
of the spectra of gravitational waves. After experimental estimates of the propagation
velocity of gravitational waves, which turned out to be very close to the speed of light
in a vacuum (up to 10−16) [53], a description of astrophysical objects based on modified
gravity theories should meet this result [54]. Thus, the calculation of the characteristics
of gravitational waves in the constructed models of astrophysical objects is an important
area of our further research.
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